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We introduce a nonperturbative approach to correlation functions of two determinant operators
and one non-protected single-trace operator in planar N = 4 supersymmetric Yang-Mills theory.
Based on the gauge/string duality, we propose that they correspond to overlaps on the string
worldsheet between an integrable boundary state and a state dual to the single-trace operator. We
determine the boundary state using symmetry and integrability of the dual superstring sigma model,
and write down expressions for the correlators at finite coupling, which we conjecture to be valid
for operators of arbitrary size. The proposal is put to test at weak coupling.
I. INTRODUCTION
To advance our understanding of nonperturbative dy-
namics in gauge theories, it is useful to study simple mod-
els with rich enough structures. N = 4 supersymmetric
Yang-Mills theory in four dimensions (N = 4 SYM) is
one of the leading candidates for the following reasons:
First it admits the planar large Nc limit, which makes
it amenable to analytical studies. Second it is a confor-
mal field theory (CFT) and all the correlation functions
can be decomposed into two- and three-point functions.
Third it can be described alternatively in terms of two-
dimensional string worldsheets which we can analyze ex-
actly using integrability. The application of integrability
led to a complete determination of two-point functions of
local operators [1]. It was applied also to the three-point
function [2], but the result is still unsatisfactory since it
is given by a series expansion which one needs to resum.
In this letter, we present the first fully nonperturba-
tive result for the three-point function valid for a large
class of operators [3]. Specifically, we study the correla-
tor of two determinant operators and one non-protected
single-trace operator. By interpreting this correlator as
an overlap on the string worldsheet between a boundary
state and a state dual to the single-trace operator, we
write down nonperturbative expressions using the frame-
work of thermodynamic Bethe ansatz (TBA) [4].
II. SET UP AND BASIC STRATEGY
The main subject is the three-point function of a non-
protected single-trace operator O and two determinant
operators D1,2 ≡ detZ(a1,2) [5] with
Z(a) ≡ (1 + a
2)Φ1 + i(1− a2)Φ2 + 2iaΦ4√
2
∣∣∣∣ xµ=
(0,a,0,0)
, (1)
where Φ1,2,4 are real scalar fields in N = 4 SYM. Owing
to the superconformal symmetry, its spacetime depen-
D-brane
FIG. 1. The AdS description of the three-point function. The
thick curve represents a geodesic of the D-brane dual to the
determinant operators while the wavy line denotes a closed
string dual to the single trace operator. On the worldsheet,
it corresponds to an overlap with a boundary state.
dence is fixed to be [2, 6]
〈D1D2O(0)〉 =
(
a1 − a2
a1a2
)∆−J
DO , (2)
where DO is the structure constant while ∆ and J are
the conformal dimension and the R-charge of O.
The goal of this letter is to compute DO nonpertur-
batively using the gauge/string duality. As discussed in
[7–9], the duality maps (2) to a closed string in AdS5×S5
which ends on a geodesic of a D-brane dual to determi-
nant operators (see Figure 1). On the string worldsheet,
this corresponds to an overlap between a boundary state
〈G| and a state dual to O. To evaluate such an overlap,
we first consider a partition function Z(J,R) of a cylinder
worldsheet whose ends are capped off by the boundary
states (see Figure 2). In the limit R→∞, the expansion
of Z(J,R) in the closed string channel is dominated by
the ground state |Ω〉
Z(J,R) =
∑
ψc
〈G|ψc〉e−EψcR〈ψc|G〉
R→∞→ |〈G|Ω〉|2e−EΩR .
(3)
By contrast, in the open string channel, Z(J,R) can be
viewed as the thermal free energy, and the limit corre-
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2FIG. 2. The partition function Z(J,R) evaluated in two dif-
ferent channels. The left/right panel denote the closed-/open-
string channel of the same partition function. To compute the
overlap 〈G|Ω〉, we take the limit where J is finite and R→∞.
sponds to the thermodynamic limit in which the volume
of the space becomes infinite. This allows us to compute
〈G|Ω〉 using TBA. The result for excited states can be
obtained from 〈G|Ω〉 by analytic continuation [10].
III. CONSTRAINTS ON BOUNDARY STATES
To apply the aforementioned strategy, we first de-
termine the boundary state 〈G| in the infinite volume
(J → ∞) limit. For this, we assume that 〈G| is an in-
tegrable boundary state, namely a state corresponding to
a boundary condition which preserves infinite many con-
served charges [11]. The assumption is justified a poste-
riori by agreement with weak-coupling computations as
we see later. For integrable boundary states, the overlap
in the J → ∞ limit can be factorized into two-particle
overlaps
FAB(u) ≡ 〈G|XA(u)XB(u¯)〉|J→∞ , (4)
where X ’s are magnons in the N = 4 SYM spin chain,
and A = AA˙ and B = BB˙ are in the bifundamental
representation of the psu(2|2)2 symmetry [12]. The ra-
pidities u and u¯ are parity-conjugate to each other, and
satisfy x±(u¯) = −x∓(u) where f±(u) ≡ f(u± i2 ) and the
Zhukovsky variable x(u) is defined by x(u) ≡ u+
√
u2−4g2
2g
with g ≡
√
λ
4pi and λ being the ’t Hooft coupling constant.
a. Boundary Yang-Baxter equation The integrable
boundary state satisfies the so-called boundary Yang-
Baxter equation (bYBE), which reads (see Figure 3)
〈G|S24S34|X1(u)X2(v)X3(v¯)X4(u¯)〉|J→∞
= 〈G|S13S12|X1(u)X2(v)X3(v¯)X4(u¯)〉|J→∞ ,
(5)
where Skl is the bulk S-matrix [12] between Xk and Xl.
FIG. 3. The boundary Yang-Baxter equation.
b. Watson’s equation The second constraint is Wat-
son’s equation, which states that an exchange of particles
is equivalent to a multiplication of the S-matrix. Explic-
itly, it reads (see Figure 4)
FAB(u) = SCDAB(u, u¯)FCD(u¯) . (6)
FIG. 4. Watson’s equation for the two-particle overlap.
c. Decoupling equation The last condition is the de-
coupling condition, which is equivalent to the bound-
ary unitarity in [11]. It states that a pair of particle-
antiparticle pairs must decouple from the rest of the over-
lap (see Figure 5) and reads
FAB(u)C
BB′FB′C′(u¯
2γ)CC
′C = δCA (7)
where C is the charge conjugation matrix [13], and u2γ is
the crossing transformation defined by x±(u2γ) = 1x±(u) .
FIG. 5. Decoupling equation for the two-particle overlap.
d. Solution Solving these constraints, the two-
particle overlap is fixed to be
FAB(u) =
x+
x−
u− i2
u
σB(u)
σ(u, u¯)
(−1)|A˙||B|MA,B , (8)
where | • | denotes the grading of the index • and σ(u, v)
is the bulk dressing phase [14]. As shown in Appendix
A, there are two choices for the matrix part MA,B and
we conjecture that the true boundary state is given by a
sum of the two. See also discussions below (16). σB(u)
is the boundary dressing phase satisfying
σB(u¯) = σB(u) , σB(u)σB(u
2γ) =
u2
u2 + 14
. (9)
A solution is given by σB(u) = 4
1+x+x−
1−x+x− G(x
+)
G(x−) with
logG(x) =
∮
dz
2pii
logG(g(z + z−1))
x− z , (10)
and G(u) ≡ Γ(
1
2−iu)Γ(1+iu)
Γ( 12 +iu)Γ(1−iu)
.
3FIG. 6. The bABA and its unfolding interpretation. The
structure of the reflection matrix allows us to map the bABA
to an ABA of a closed chain with a single psu(2|2) symmetry.
IV. g-FUNCTION FOR GROUND STATE
We now discuss the ground-state overlap 〈G|Ω〉 for fi-
nite J . For this we consider Z(J,R) in the open string
channel (also known as the mirror channel) and take the
limit R→∞:
Z(J,R) =
∑
ψo
e−E˜ψoJ R→∞→ N
∫
Dρ e−RSeff [ρ] . (11)
As shown above, in the limit R→∞ one can replace the
sum over ψo with a path integral of densities ρ.
a. Bethe equation in the mirror channel The crucial
input for writing down Seff is the boundary asymptotic
Bethe equation (bABA), which constrains the rapidities
of magnons. Schematically, it reads (see Figure 6)
1 = RL(uj)
∏
k 6=j
S(uj , uk) RR(uj)
∏
k 6=j
S(uj , u¯k) , (12)
where RL,R are the left/right reflection matrices. The re-
flection matrices are related to the infinite-volume over-
lap (8) by [RL]BA(u) = [RR]BA(u¯) = FAC(uγ)CCB with
uγ being the mirror transformation defined by x+(uγ) =
1/x+(u) and x−(uγ) = x−(u). As a result, we find
[RL]BB˙AA˙ (u) =
u− i2
u
σB(u
γ)
σ(u¯γ , uγ)
SBB˙
AA˙
(u¯γ , uγ) , (13)
where S is a single copy of the psu(2|2) S-matrix [12]. The
structure of RL,R allows for the unfolding interpretation;
the bABA (12) can be mapped to an ABA of a closed
string with a single psu(2|2) symmetry (see Figure 6).
b. TBA equation Seff can be derived from ABA fol-
lowing the standard derivation of TBA. In the R → ∞
limit, (11) can be approximated by the saddle point
δSeff
δρ = 0. Due to the unfolding structure, the saddle-
point equations coincide with the standard TBA for
the spectrum [15–17] with the identification Ya,s(u¯) =
Ya,−s(u). They take a form of log Ya,s = ϕ+a,s. For in-
stance, ϕ+a,0 reads (the full equations are given in [18])
ϕ+a,0 ≡ −JE˜a + log(1 + Yb,0) ∗ (K+)••b,a
+ log(1 + Ym,1) ? (K+).•m−1,a + log(1 + 1/Y2,2) ?̂ (K+)y•+a
+ log(1 + Y1,1) ?̂ (K+)y•−a . (14)
Here we follow the notations in [19], and ?, ∗, and ?̂ de-
note the convolutions along [−∞,∞], [0,∞] and [−2g, 2g]
respectively. K+ is a symmetrized kernel defined by
K(u, v)+K(u, v¯) with K being the standard TBA kernel.
c. g-function The saddle point value of Seff only
gives the exponentially decaying piece in (3), e−EΩR. To
read off the overlap, we need to consider the one-loop
fluctuation around the saddle point and the O(1) normal-
ization factor N in (11). Such analysis was performed in
the literature [20–22], and the application to our prob-
lem leads to an expression for the ground states, which
corresponds to BPS operators in N = 4 SYM,
〈G|Ω〉 = e
∑
a
∫∞
0
du
2piΘa log(1+Ya,0)
√
Det(1− Gˆ)
Det(1− Gˆ+)
. (15)
Here a runs from 1 to ∞ and Θa(u) = i∂u log ra(u¯) −
piδ(u)+ i2∂u logS
••
aa(u, u¯) where S
••
ab is the bound-state S-
matrix and ra is the bound-state reflection factor given in
Appendix A. Det denotes the Fredholm determinant [23]
and Gˆ+ is an integral kernel defined by [Gˆ+]
(a,s)
(b,t) (u, v) ≡
δϕ+a,s(u)
δ log Yb,t(v)
. Similarly, Gˆ is given by
δϕa,s(u)
δ log Yb,t(v)
where
ϕa,s are the “right hand sides” of the standard TBA,
log Ya,s = ϕa,s, without identification of Y -functions.
V. CONJECTURE FOR SL(2) SECTOR
We now generalize (15) to excited states in the SL(2)
sector using the analytic continuation trick [10] following
the standard TBA analysis.
a. g-function for excited states After the analytic
continuation, poles of 1/(1+1/Y1,0) cross the integration
contour and modify the overlap (15). As a result, we find
that the structure constant DO is given by
DO = − i
J + (−i)J√
J
e
∑
a
∫∞
0
du
2piΘa log(1+Ya,0)
×
√√√√ ∏
1≤s≤M2
u2s +
1
4
u2s
σ2B(us)
√
Det(1− Gˆ•)
Det(1− Gˆ•+)
.
(16)
This is the main result of this letter which we conjec-
ture to be valid for any length J and at finite λ. Here
the J-dependent prefactor reflects the fact that the true
boundary state is a sum of two boundary states as men-
tioned below (8). Gˆ• and Gˆ•+ are given by [24]
Gˆ• · f =
M∑
k=1
iK•,X1,x (uk, u)
∂u log Y1,0(uk)
f(uk) + Gˆ · f ,
Gˆ•+ · f =
M/2∑
k=1
i(K+)•,X1,x (uk, u)
∂u log Y1,0(uk)
f(uk) + Gˆ+ · f .
(17)
4Here and below, x and X take various indices and sym-
bols which represent different bound states. The sum in
(17) come from the poles crossing the contours, and uk’s
are the magnon rapidities satisfying the parity condition,
uM
2 +k
= u¯k (1 ≤ k ≤M/2) . (18)
They are the solutions to the exact Bethe equations [15],
φ(uj) = 2pii
(
nj +
1
2
)
, nj ∈ Z , (19)
with
φ(u) ≡ − JE˜1 +
M∑
k=1
logS••11 (u, uk)
+
∑
x,X
log(1 + YX,x) ? K
X,•
x,1 .
(20)
b. Exact Gaudin determinants The result (17) can
be rewritten into a form similar to the so-called Gaudin
determinants. For this, we first split the kernel Gˆ• into a
sum S and an integral I (see (17)), and rewrite Det(1−Gˆ•)
as Det(1−S−I) = Det(1−S˜)×Det(1−I) with S˜ ≡ S/(1−I).
Similarly, Det(1 − Gˆ•+) can be split into a sum S+ and
an integral I+, and can be re-expressed as Det(1− Gˆ•+) =
Det(1− S˜+)×Det(1− I+) with S˜+ ≡ S+/(1− I+).
Next we consider ∂ukφ(uj) (j, k = 1, . . . ,M). The
derivative ∂uk can act either on p(uk), logS
••
11 or YX,x
in (20). We then eliminate ∂ukYX,x by considering the
excited state TBA (see [15] for the full set of equations)
log Ya,0 =− JE˜a +
M∑
k=1
logS••a,1(u, uk)
+
∑
x,X
log(1 + YX,x) ? K
X,•
x,a ,
(21)
taking a derivative ∂uk of both sides, and solving for
∂ukYX,x. The parity condition (18) is imposed only at
the end of the computation. As a result of these manip-
ulations, we find that det(∂ukφ(uj)) ∝ Det(1 − S˜) up to
some constant of proportionality. The relation in partic-
ular shows that Det(1−S˜) is actually a finite-dimensional
determinant although it was initially defined as the Fred-
holm determinant. Details of the rewriting are explained
in a toy example in Appendix B.
On the other hand, if we first impose the parity condi-
tion (18) and compute the derivatives ∂ukφ(uj), we find
that det(∂ukφ(uj)) (j, k = 1, . . .
M
2 ) is now proportional
to Det(1− S˜+). Upon taking the ratio, the constants of
proportionality cancel out and we obtain√
Det(1− S˜)
Det(1− S˜+)
=
√
det(∂ukφ(uj))
det(∂ukφ
+(uj))
, (22)
where φ+ denotes that we are imposing the parity con-
dition before computing derivatives. These determinants
can be viewed as the finite-volume version of the Gaudin
determinants for the norm of the spin chain. They also
resemble the finite-volume one-point functions in sin(h)-
Gordon model [25–27].
Using this rewriting, we obtain an alternative repre-
sentation for the Fredholm determinants in (16),√
Det(1− Gˆ•)
Det(1− Gˆ•+)
=
√
det(∂ukφ(uj))
det(∂ukφ
+(uj))
√
Det(1− I˜)
Det(1− I˜+)
. (23)
c. Asymptotic formula Using the representation
(23), one can take the asymptotic limit of (16), in which
the size of the operator becomes large J  1. In this
limit, the middle-node Y-functions are exponentially sup-
pressed, Ya,0 → 0, and one can show that both
e
∑
a
∫∞
0
du
2piΘa log(1+Ya,0) and
√
Det(1− I˜)
Det(1− I˜+)
tend to unity. We thus obtain the following expression
for the structure constant in the asymptotic limit:
DasymO =−
iJ + (−i)J√
J
√√√√ ∏
1≤s≤M2
u2s +
1
4
u2s
σ2B(us)
×
√
det(∂ukφ(uj))
det(∂ukφ
+(uj))
.
(24)
Note that the determinants on the second line are the
standard Gaudin-like determinants since all the finite-
size corrections can be dropped. For generalization of
(24) to operators outside the SL(2) sector, see [18]. A
similar formula was found at weak coupling for the defect
one-point functions [28].
VI. WEAK COUPLING TEST
To test our formula (24), we computed the four-point
function of D1,2 and two 20′ operators O20′ up to O(λ2).
We then performed the operator product expansion to
read off the conformal data of the spin-S twist-2 opera-
tors OS . The details are given in [18].
The results of the computation are summarized in Ta-
ble I. We compared them against the integrability predic-
tion (24) and observed a perfect match. This is quite a
nontrivial test of our formalism since the results contain
the transcendental number ζ3 and include the contribu-
tions from the boundary dressing phase σB(u). Further
tests at weak and strong couplings are provided in [18].
We also found that the structure constants exhibit a
simple large spin behavior up to two loops,
log
[
DOS
DOS |tree level
]
=f1 logS
′ + f2 +O(1/S′) (25)
5TABLE I. The squared structure constants (DOS )
2 for the
spin-S twist-2 operators.
S (DOS )
2
2 13 − 4g2 + g4(56− 24ζ3)
4 135 − 205g
2
441 + g
4
(
70219
9261 − 20ζ37
)
6 1462 − 1106g
2
27225 + g
4
(
772465873
1078110000 − 14ζ355
)
8 16435 − 14380057g
2
4509004500 + g
4
(
5048546158688587
85305405235050000 − 1522ζ375075
)
with logS′ ≡ logS + γE , where γE is the Euler-
Mascheroni constant, and
f1 = −4g2 log 2 + 8g4
[
ζ2 log 2 +
9
2
ζ3
]
+O(g6) ,
f2 = −2g2ζ2 + 8g4
[
4
5
(ζ2)
2 +
3
2
ζ3 log 2
]
+O(g6) .
(26)
VII. CONCLUSION
In this letter, we applied the TBA formalism to write
down a nonperturbative expression for the structure con-
stant of two determinant operators and a single-trace op-
erator in the SL(2) sector of arbitrary size. Our result
would provide a foundation for future developments, such
as the reformulation in terms of the Quantum Spectral
Curve [29], as was the case with the TBA for the spec-
trum. It would also be worth trying to extract various
interesting physics from our formula. We also hope that
our approach gives useful insights into the three-point
functions of single-trace operators [2].
Acknowledgement We thank Amit Sever for helpful
discussions. SK is supported by DOE grant number
DE-SC0009988. EV is funded by the FAPESP grants
2014/18634-9 and 2016/09266-1, and by the STFC grant
ST/P000762/1.
[1] N. Beisert et al., Lett. Math. Phys. 99, 3 (2012),
arXiv:1012.3982 [hep-th].
[2] B. Basso, S. Komatsu, and P. Vieira, (2015),
arXiv:1505.06745 [hep-th].
[3] Some three-point functions are already known at finite
coupling. For instance, the structure constant of a La-
grangian operator and two identical operators is given by
a derivative of the conformal dimension ∂λ∆ [30]. How-
ever, it is determined solely by the conformal dimension
and does not provide truly new conformal data.
[4] A. B. Zamolodchikov, Phys. Lett. B253, 391 (1991).
[5] We chose a configuration suitable for analyzing the sym-
metry. More general configurations can be obtained by
performing the conformal and the R-symmetry transfor-
mations. The structure constant DO is not affected by
such transformations.
[6] N. Drukker and J. Plefka, JHEP 04, 052 (2009),
arXiv:0901.3653 [hep-th].
[7] A. Bissi, C. Kristjansen, D. Young, and K. Zoubos,
JHEP 06, 085 (2011), arXiv:1103.4079 [hep-th].
[8] V. Balasubramanian, M. Berkooz, A. Naqvi, and M. J.
Strassler, JHEP 04, 034 (2002), arXiv:hep-th/0107119
[hep-th].
[9] J. McGreevy, L. Susskind, and N. Toumbas, JHEP 06,
008 (2000), arXiv:hep-th/0003075 [hep-th].
[10] P. Dorey and R. Tateo, Nucl. Phys. B482, 639 (1996),
arXiv:hep-th/9607167 [hep-th].
[11] S. Ghoshal and A. B. Zamolodchikov, Int. J. Mod.
Phys. A9, 3841 (1994), [Erratum: Int. J. Mod.
Phys.A9,4353(1994)], arXiv:hep-th/9306002 [hep-th].
[12] N. Beisert, Adv. Theor. Math. Phys. 12, 945 (2008),
arXiv:hep-th/0511082 [hep-th].
[13] R. A. Janik, Phys. Rev. D73, 086006 (2006), arXiv:hep-
th/0603038 [hep-th].
[14] N. Beisert, B. Eden, and M. Staudacher, J. Stat. Mech.
0701, P01021 (2007), arXiv:hep-th/0610251 [hep-th].
[15] N. Gromov, V. Kazakov, and P. Vieira, Phys. Rev. Lett.
103, 131601 (2009), arXiv:0901.3753 [hep-th].
[16] D. Bombardelli, D. Fioravanti, and R. Tateo, J. Phys.
A42, 375401 (2009), arXiv:0902.3930 [hep-th].
[17] G. Arutyunov and S. Frolov, JHEP 05, 068 (2009),
arXiv:0903.0141 [hep-th].
[18] Y. Jiang, S. Komatsu, and E. Vescovi, (2019),
arXiv:1906.07733 [hep-th].
[19] Z. Bajnok, Lett. Math. Phys. 99, 299 (2012),
arXiv:1012.3995 [hep-th].
[20] P. Dorey, C. Rim, and R. Tateo, Nucl. Phys. B834, 485
(2010), arXiv:0911.4969 [hep-th].
[21] B. Pozsgay, JHEP 08, 090 (2010), arXiv:1003.5542 [hep-
th].
[22] I. Kostov, D. Serban, and D.-L. Vu, (2018),
arXiv:1809.05705 [hep-th].
[23] In what follows, Det denotes the Fredholm determinant
while det denotes a standard determinant of a finite-
dimensional matrix.
[24] The kernels in this letter are related to the ones in [18]
by the transposition.
[25] M. Jimbo, T. Miwa, and F. Smirnov, Lett. Math. Phys.
96, 325 (2011), arXiv:1007.0556 [hep-th].
[26] S. Negro and F. Smirnov, Nucl. Phys. B875, 166 (2013),
arXiv:1306.1476 [hep-th].
[27] Z. Bajnok and F. Smirnov, Nucl. Phys. B, 114664 (2019),
arXiv:1903.06990 [hep-th].
[28] M. de Leeuw, C. Kristjansen, and K. Zarembo, JHEP
08, 098 (2015), arXiv:1506.06958 [hep-th].
[29] N. Gromov, V. Kazakov, S. Leurent, and D. Volin, Phys.
Rev. Lett. 112, 011602 (2014), arXiv:1305.1939 [hep-th].
[30] M. S. Costa, R. Monteiro, J. E. Santos, and D. Zoakos,
JHEP 11, 141 (2010), arXiv:1008.1070 [hep-th].
6Appendix A: Overlap and Reflection Matrix
The matrix part of the two-particle overlap is given by
Maa˙,bb˙ =
1 +B
2
ab˙ba˙ +
1−B
2
aa˙bb˙ ,
Mαα˙,ββ˙ =
−1 + E
2
αβ˙βα˙ − 1 + E
2
αα˙ββ˙ ,
Maa˙,ββ˙ = G
aa˙ββ˙ , Mαα˙,bb˙ = G
αα˙bb˙ ,
Maα˙,bβ˙ = C
abα˙β˙ , Maα˙,βb˙ = H
ab˙βα˙ ,
Mαa˙,bβ˙ = H
ba˙αβ˙ , Mαa˙,βb˙ = C
a˙b˙αβ ,
(A1)
where
B = − x
− + z4(x+)3
z2x+(1 + x+x−)
, E =
z4x+ + (x−)3
z2x−(1 + x+x−)
C = − i
[
z4(x+)2 − (x−)2]
2z2
√
x+x−(1 + x+x−)
,
G =
x− + z2x+
2z
√
x+x−
, H =
x− − z2x+
2z
√
x+x−
.
(A2)
There are two allowed solutions depending on the value
of z, z = ±i.
The bound-state reflection factor ra is given by
ra(u) =
 a−12∏
k=− a−12
u+ ik + i2
u+ ik
 σB,a(u¯γ)
σaa(uγ , u¯γ)
, (A3)
σB,a(u) ≡ 2−Ea(u)G(x
[+a])
G(x[−a])
, (A4)
with f [±a] ≡ f(u± ia2 ) and
Ea(u) =
a
2
+
g
i
(
1
x[−a]
− 1
x[+a]
)
. (A5)
Appendix B: Fredholm Determinant in Toy Model
Here we write down an explicit expression for the Fred-
holm determinant in a simple toy model which only con-
tains a single species of particles without bound states.
We also elucidate the relation between the Fredholm de-
terminants and the exact Gaudin determinants (22).
The excited state TBA is given by log Y = φ with
φ(u) ≡ −JE˜ +
M∑
k=1
logS(u, uk) + log(1 + Y ) ? K , (B1)
where S is the S-matrix and K(u, v) ≡ −i∂u logS(u, v).
The rapidities uk’s satisfy the exact Bethe equation
φ(uj) = 2pii
(
nj +
1
2
)
, nj ∈ Z . (B2)
Following the discussion in the main text, one obtains
the deformed Fredholm kernel Gˆ• · f = S · f + I · f , with
S ·f ≡
M∑
k=1
iK(uk, u)
∂uφ(uk)
f(uk) , I ·f ≡ f
1 + 1/Y
?K . (B3)
Let us now consider the exact Gaudin norm
det (∂ukφ(uj)). Using (B1), we obtain
∂ukφ(uj) = ∂uφ(uk)δjk−iK(uk, uj)+I·(∂uk)(uj) , (B4)
with (u) ≡ log Y (u). To eliminate ∂uk, we differentiate
the excited state TBA,
∂uk(u) = −iK(uk, u) + I · (∂uk)(u) , (B5)
and invert it to get
∂uk(u) =
1
1− I · [−iK(uk, u)] . (B6)
Plugging it back to (B4), we obtain
∂ukφ(uj) = ∂uφ(uk)δjk−
1
1− I · [iK(uk, u)]
∣∣∣∣
u=uj
. (B7)
Comparing (B3) and (B7), we find
det(∂ukφ(uj)) =
(
M∏
k=1
∂uφ(uk)
)
Det(1− S˜) , (B8)
with S˜ ≡ S/(1 − I). This relation allows us to relate
the Fredholm determinant and the exact Gaudin deter-
minant. The derivation can be readily generalized to Gˆ•+
and to theories with bound states such as N = 4 SYM,
leading to the identity (22).
